Abstract-In this paper, an efficient force-recovery algorithm is presented for a novel planar photoelastic tactile transducer. A distributed-force profile input to the tactile sensor developed in our laboratory generates stress in the photoelastic layer of the transducer, making it birefringent. Circularly polarized light input to the transducer is elliptically polarized at the output due to phase-lead created in the stressed photoelastic layer. The algorithm presented recovers the phase-lead distribution and correlates it to the input force profile. Since this distribution is a linear function of the force profile, the solution of the inversetactile problem is significantly simplified. The paper presents the analytical basis of the algorithm as well as the numerical technique used in its solution.
I. INTRODUCTION URRENT methods of tactile-force transduction include
C piezoelectric, piezoresistive, capacitive and optical techniques [1]- [3] . Among optical methods, there exists a strong possibility that photoelastic tactile sensors could be implemented in the near future by using integrated optics and optoelectronics, in a manner analogous to piezoresistive tactile transducers that are presently implemented using micromachining and microelectronics.
The few studies that have been published on photoelastic tactile sensors include the description of a basic transducer [4] , [5] , and a theoretical model used to analyze it [6] . Research results presented in these papers clearly show that photoelastic transducers can satisfy many of the tactile-sensing requirements specified in [7] . In an earlier work [8] , although the researchers were successful in developing a photoelastic force sensor, their transducer cannot be adapted directly for tactile sensing.
Photoelastic sensors have also been developed to detect slippage. One such sensor, described in [9] , uses a transducer similar to the one described in [4] , [5] ; however, in this case, the analysis of the fringes is used only to detect movement of the grasped object. For this type of application, a special technique was reported in [lo] process for detecting differences between two fringe patterns, occurring due to the slippage of the grasped object. Almost all of the photoelastic sensors developed thus far for robotics use a polariscope for illuminating and collecting the light from the photoelastic transducer. The polariscopes can be either linear or circular, depending on the required polarization of the light. They can also be characterized as a reflective or a transparent type, depending on whether the photoelastic transducer reflects or transmits the light.
A circular, reflective polariscope is shown in Fig. 1 . The input light is linearly polarized and then directed toward the photoelastic transducer by a beam splitter. Before reaching the transducer the light is circularly polarized by a quarter-wave plate. Once the light penetrates the transducer, its polarization is affected by the birefringence induced in the photoelastic element by the forces applied to the transducer. The birefringence creates a phase-lead distribution that transforms the circularly polarized light into elliptically polarized light. A reflective surface on the back side of the transducer returns the light toward a detector through the quarter-wave plate, the beam splitter and an analyzer. The output light intensity distribution consists of a fringe pattern, which will be further discussed in Section 111.
The photoelastic tactile transducer developed in our laboratory was first presented in [ 1 11. It utilizes a circular, reflective polariscope. In this paper, an algorithm that accurately and effectively determines the phase-lead distribution from a noisy light-intensity distribution is presented. While this algorithm was created for an improved version of this transducer, it must be noted that it is also applicable to other photoelastic sensors, e.g., [6] . As will be shown in Section 111, the reason for recovering the force profile from the phase-lead distribution, rather than from the light-intensity distribution, is that the phase-lead distribution is a linear function of the force profile. problem is also presented herein. As well, the transduction model used allows the formation of closed-form equations for both the light-intensity distribution and the phase-lead distribution.
THE TRANSDUCER
The proposed transducer consists of a fully supported twolayer beam with a mirrored surface sandwiched in between, Fig. 2 . It is assumed that a set of normal line-distributed forces is applied to the top surface of the beam. The forces are applied at discrete tactels separated by equal distances, s, along the beam. The upper "compliant" layer is for the protection of the mirror, while the lower one is the photoelastic layer. Circularly polarized monochromatic light, incident along the z-axis, illuminates the bottom surface of the transducer. The light propagates parallel to the z-axis, passes through the photoelastic layer, and then reflects back from the mirror. If no force is applied to the transducer, the returning light is circularly polarized since the unstressed photoelastic material is isotropic. If force is applied, stresses are induced in the photoelastic layer, making the material birefringent. This introduces a certain phase-difference (a phase-lead) between the components of the electric field associated with the lightwave propagation in the two allowed directions of polarization [12] . Thc two directions of polarization are in the plane perpendicular to the direction of propagation, in our case the x-y plane. As a consequence of this effect, the output light is elliptically polarized, creating a phase-lead distribution, p, between the input light and the output light at each point in the x-y plane.
PHASE-LEAD DISTRIBUTION
In order to determine the phase-lead distribution, it is assumed that stresses in the transducer can be calculated by the plane-stress approximation described in [ 6 ] , [ 
131.
This model allows us to analyze the behavior of the transducer by using closed-form equations in which the phase-lead is only a function of x. The total phase-lead is the summation (integral) of all the phase-leads introduced at different points of the photoelastic layer along the z-coordinate.
Let F3, shown in Fig. 2 , be the magnitude of the force applied at the jth (discrete) position (tactel). The phase-lead distribution, p , , can then be calculated as where K,, is the stress optical coefficient, t is the width of the photoelastic transducer, a is the thickness of the compliant layer, b is the thickness of the transducer, x~j is the xcoordinate of the jth tactel, and X is the wavelength of the input light.
For a set of forces applied at n tactels, the total phase-lead distribution is given by
where Equation (2) is obtained by applying the principle of superposition. Correspondingly, the phase-lead distribution is a linear function of the applied forces.
The normalized light-intensity distribution at the output of the polariscope is given by [6] 2 P(X)
One can note that the major problem that exists in inverting (4) is the possibility that p(x) 1. -7r for some -112 5 x 5
The first step in the proposed algorithm for the recovery of x ( "1 Fig. 3 . Detected light-intensity distribution in gray levels.
point is encountered, K is increased by one; when a Class-2 critical point is encountered, N is increased by one; aad, when a Class-l critical point is encountered, M is increased or decreased by one depending on the value of K .
Iv. NOISE AND QUANTIZATION ERROR
It is assumed that light originating from the polariscope is detected by a CCD linear array having an active length equal to the length of the transducer and set parallel to the 2 coordinate. Since the linear array samples the light-intensity distribution in pixel-quantized space, Equation (4) can be rewritten in a discrete form as where m is the number of pixels of the linear array.
can also be rewritten in a discrete form as
The equations for p(s) and qb3(s), (2) and (3), respectively,
The discrete version of (2) can, thus, be rewritten using a matrix notation as P = * P (9) where P is the (m x 1) phase-lead vector, ! P is the ( m x n) base matrix, and F is the ( n x 1) input force vector.
Once the light intensity has been discretized by the linear CCD array, the measurements are converted into digital form by an N D converter. The AD converter introduces quantization error in addition to the random electronic noise that would be present due tu the detection process. Correspondingly, thc detected light-intensity distribution (in gray levels), I d , can be written as [a" -I] (where B is the number of bits in the A D converter). The "round' function returns the closest integer to the real number presented to it. Now, the phase-lead distribution has to be recovered from (10). However, the critical points of I d cannot be classified using the algorithm outlined in Section 111, since the derivatives of I d cannot be calculated accurately. Thus, a modified algorithm that allows us to recover the phase-lead distribution from a noisy light-intensity distribution has been developed as reported iin the next section.
v. RECOVERING THE PHASE-LEAD FROM NOISY DATA For clairity purposes, the proposed algorithm is explained herein via an example. For the example, the parameters and dimensions of the transducer, the A D converter and the linear array are as follows: a = 0.5 mm, b = 3 mm, t = 2 mm, 1 = 250 mm, s = 1 mm, X = 632.8 nm, E = 0.004 GPa, K,, = 1.70 x lo-' m2/N, v = 0.5, B = 8 bits, m = 2048, n = 11, I , = 5, and A = 245. The noise no is assumed to be random and limited between -5 and 5 gray levels. Further, it is assumed that each tactel of the transducer is subjected to the same force, namely FJ = 0.1 N for j = 1, 2, . . . , 11. Fig. 3 shows the noisy light-intensity distribution corresponding to the phase-lead distribution caused by the input force, Fig. 4 .
A description of the modified algorithm follows. a) The light-intensity distribution is filtered with an ideal low-pass filter. The noise, in our example, was reduced tu the range of -2-2 gray levels, from -5-5 by utilizing a passband of 200 pm-l.
b) The filtered light-intensity distribution is normalized, Fig. 5 , and the critical points are identified; in our example these are c k , k = 1, 2, . . . , 25. 3) Rule 3: If ckl and ck2 are two consecutive critical points, they cannot be both Class-I or both Class-2 critical points.
4) Rule 4:
The parameter M in (5) must be zero for 2 = -1/2 and IC = 1/2. This implies certain symmetry in the distribution of critical points. Applying the above verification rules to the set of 32 possible cases in our example, the possible set of phaselead distributions was reduced to 8. For coding purposes, the number "1" is assigned to Class I , "-1" to Class 2 and "0" to Class 3, as shown in Table I. e) The phase-lead distribution, P,, is recovered, using the procedure described in Section 111, for each case shown in Table I .
f) The spurious phase-lead distributions are eliminated, since only one of the solutions in the reduced set is correct.
To achieve this objective, all the force profiles, F,, corresponding to the limited set of potential phase-lead distributions, P,, must be found by solving (9) .
A similar problem was addressed in a previous study for the case of a piezoresistive tactile sensor [14] . Therein, a neural network was proposed to solve the inverse-tactile problem. In our case, the following nonnegative least-squares (nnls) problem was formulated and solved m i n / I 9 F , -P,ll, such that F , 2 0 (11) where XP and P, are the coefficients of the objective function.
( m e vector F , is restricted to be nonnegative due to the positive-force-profile requirement in our case).
In our example, for Case 1 in Table I , the following force profile was recovered using (11) g) The recovered force profiles obtained by solving (1 1) are verified via (9) . Let P, be the phase-lead distribution obtained when the estimated force profile F , is applied to (9) For the correct estimate of P , the difference between P , Let a normalized error be defined, for each case, as and P , must be minimal due to the least-squares fit.
max {abs [P, -P , ] } x 100
Error(%) = _ _ (13) where the function a b s calculates the absolute value of each component of the difference between the vectors P , and P,, and AI ' , , is the difference between the overall absolute maximum and minimum values of P , and P,. In Fig. 6 , both P , and P , are plotted for Case 1. As can be observed, there exists a large difference between the two phase-lead distributions. This correctly implies that Case 1 is not the true phase-lead distribution. The correct phase-lead distribution is the one that corresponds to Case 5, as shown in Fig. 7 . The normalized error for this case is 3.2%. (Table I1 shows When one compares the above F , with the true input Fj = 0.1 N, j = 1,2, ... , 11, the maximum error component in force recovery is determined to be 1.9%.
VI. CONCLUSIONS
In this paper, a general algorithm has been presented for the automatic recovery of the phase-lead distribution for a photoelastic tactile sensor. The noisy light-intensity distribution is assumed to be detected by a CCD linear array camera linked to an A D converter. The algorithm takes into account the random noise generated by the electronic circuits of the camera, as well as the quantization error generated by the A/D converter. Some simulation results using a two-dimensional optomechanical model were presented to verify the proposed algorithm. To solve the inverse tactile problem an optimization function was successfully implemented.
In practice, finding the correct phase-lead distribution might, in some cases, be computationally time-consuming if each distribution is considered sequentially. This is a consequence of the complexity of the algorithm by which the inversetactile problem must be solved. However, one can process the different phase-lead distributions in a parallel manner. Use of dedicated hardware to solve the inverse tactile problem, such as the one proposed in [ 141 for instance, is particularly attractive.
